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1 Abstract 

Simulations involving nearly incompressible materials require particular attention during the setup 
phase, as volumetric locking phenomena might significantly distort the results. Researchers have pro-
posed various methods to address this issue. One widely adopted technique for eight-node hexahedral 
solid elements is to combine reduced-order integration with hourglass stabilization. However, this 
method relies on a mesh composed of hexahedral elements, which for complex structures often cannot 
be achieved. Complex structures typically require tetrahedral elements to ensure an accurate represen-
tation, and automated meshing algorithms tend to generate meshes dominated by tetrahedral elements 
for such structures. Therefore, removing volumetric locking for tetrahedral elements is especially im-
portant. 

This work revisits the method proposed by Lo and Ling [1], which decomposes the element stiffness 
matrix into a constant and a higher-order part. Preserving the constant part ensures element con-
sistency, while the higher-order part is specifically treated using a modified value for the bulk modulus. 
This modification directly targets the root cause of the unwanted volumetric locking. The proposed ap-
proach is extended to support explicit time integration schemes and it is integrated into LS-DYNA for 
ten-node tetrahedral elements with five integration points as a user-defined isotropic linear elastic ma-
terial model. A series of numerical simulations validates the effectiveness of the proposed method. 
 
Keywords: finite element technology, volumetric locking, tetrahedral solid element 
 

2 Introduction 

The objective of the finite element method is to achieve an accurate solution while minimizing the total 
time required to obtain results, including pre-processing time, simulation time and post-processing time. 
Engineers usually employ automated mesh generation algorithm, which reduces the pre-processing 
time significantly. The mesh generation process may be seen trivial for geometrically rather simple struc-
tures; but it is a challenging task for structures with complex geometrical features. To overcome this 
challenge, many automated mesh generation algorithms often employ tetrahedral finite elements, re-
sulting in tetrahedral element dominated meshes. Nevertheless, engineers prefer hexahedral element 
dominant meshes for sophisticated simulation models [2] over tetrahedral dominated ones, since hexa-
hedral elements yield more accurate results in general for a rather small computational cost increase.  
 
As an example, consider a 1x1x1 incompressible rubber-cube discretized using one single eight-node 
hexahedral element with linear shape functions. The element has a constant Jacobian matrix. Using the 
Gaussian quadrature method, eight Gauss points are necessary for an exact integration of the element 
stiffness matrix numerically. This numerical scheme is referred to as full integration. In the near incom-
pressible limit, where the material property bulk modulus tends to infinity (𝐾 → ∞), a full integration 
method captures the correct isochoric behavior; but, yields very high stiffness for any volume changing 
deformation. This phenomenon is called as the volumetric locking. In this case, using a reduced inte-
gration method with an hourglass stabilization is one of the well-known methods to remove volumetric 
locking for hexahedral element formulations [3]. The reduced integration method relaxes the element 
stiffness by using fewer integration points than a full integration method, which results in zero-energy 
modes as a consequence. By introducing an hourglass stabilization, these zero-energy modes are sup-
pressed, and the element stress response is kept within a physically reasonable limit. Besides the ad-
vantages of a hexahedral-dominated mesh, it is still a complicated task to create hexahedral dominated 
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meshes for geometrically complex structures. In many cases, the process requires know-how. There-
fore, addressing the volumetric locking problem is essential in the tetrahedral element family. 
 
Considering the four-node tetrahedral element with displacement degrees of freedom, due to mathe-
matical and inherent geometrical constraints, there is virtually no option to remove the locking effects 
on element level. As a result, the element is prone to both shear and volumetric locking. To enhance 
the accuracy of the four-node tetrahedral element, various approaches have been proposed. For exam-
ple, the introduction of additional rotational degrees of freedom was proposed in [4], which significantly 
improves the element performance in case of shear locking. Bonet and Burton [5] proposed an average 
nodal pressure tetrahedron, which alleviates volumetric locking at the patch level. Nevertheless, the 
four-node tetrahedral element generally remains too stiff, and its simulation results are less accurate 
than those obtained with eight-node hexahedral or ten-node tetrahedral elements. 
 
The ten-node tetrahedral element formulation, in contrast, does not suffer from shear locking, as the 
displacement field is approximated with quadratic shape functions over the element domain. However, 
volumetric locking remains a challenge. In [6], a ten-node tetrahedral element composed of twelve four-
node tetrahedra was proposed. This approach assumes a linear deformation in the element domain and 
four volume constraints per element are introduced. Nevertheless, numerical results indicate that the 
accuracy of this formulation deteriorates in the near-incompressible limit. A similar approach was pre-
sented in [7], where the ten-node element is treated as a collection of eight four-node tetrahedra. In this 
method, the strain field is first approximated using a mean-strain strain-displacement operator, which is 
subsequently corrected through an energy-sampling technique. Another line of work is the Cosserat 
point element formulation for ten-node tetrahedra [8]. Here, the deformation modes of the element are 
modeled via a strain energy function based on the hyperelastic constitutive equations of the Cosserat 
point element. This approach was later extended to general hypoelastic material models, while keeping 
the hourglass stabilization unchanged, and subsequently implemented in LS-DYNA [9]. Despite these 
advances, the ten-node tetrahedral Cosserat point element is significantly more computationally expen-
sive than the standard ten-node tetrahedral element. Lo and Ling [1] proposed yet another strategy, in 
which the element stiffness matrix is split into a constant and a higher-order part. In the near-incom-
pressible limit, the compatibility condition for the constant strain part is relaxed and the incompressibility 
condition is introduced to the higher-order part. 
 
In this work, we revisit the method in [1]. Similarly, the element stiffness matrix is split into constant and 
higher-order parts. We extend this formulation to an explicit time-integration scheme under the assump-
tion of isotropic linear elasticity for small deformations. The extended formulation is integrated into LS-
DYNA for ten-node tetrahedral elements with five integration points as a user-defined isotropic linear 
elastic material model. Finally, a series of numerical examples is presented, comparing the standard 
ten-node tetrahedra, the ten-node Cosserat point tetrahedra and the proposed modified ten-node tetra-
hedra element formulations. 
 

3 Tetrahedral Element Family 

Tetrahedral elements are the simplest three-dimensional solid elements in the finite element method. 
The most basic member of this family is the four-node tetrahedral element, which consists of four trian-
gular faces and has nodes located at each corner. The element domain is represented using linear 
shape functions, meaning that the displacement field is approximated linearly within the element. Con-
sequently, this element can only represent a constant strain state, requiring only a single integration 
point for numerical integration. The four-node tetrahedral element is quite economic and it is well-suited 
to generate meshes for complex structures. However, due to mathematical reasons and inherent geo-
metric constraints, the four-node tetrahedral element with only nodal displacement degrees of freedom 
is highly prone to locking, namely, shear locking and volumetric locking. Moreover, there is essentially 
no possibility of eliminating these locking effects at the element level. 
 
To illustrate the inherent geometric constraints, consider a three-dimensional Cartesian coordinate sys-
tem in which that any node located on the xy-, yz- and xz-planes (i.e., coordinate planes) is assumed to 
be fixed in all three displacement degrees of freedom. Now, place a single four-node tetrahedral element 
in this space such that three nodes lie on the xy-plane, as shown in Figure 1(a). The fourth node, ࡼ, is 
not located on any coordinate plane and can therefore move freely parallel to the xy-plane, allowing an 
isochoric (volume-preserving) deformation, i.e., a purely shape-changing deformation. Next, introduce 
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a second four-node tetrahedral element, with three of its nodes lying on the xz-plane and the fourth node 
coinciding with the node ࡼ, as illustrated in Figure 1(b). In this configuration, the node ࡼ can no longer 
move in y-direction, since such a displacement would violate the isochoric deformation condition of the 
second tetrahedra. Finally, introduce a third tetrahedral element, with three of its nodes are on the yz-
plane and again the fourth node coinciding with the node ࡼ, as shown in Figure 1(c). At this point, an 
isochoric deformation of the system is no longer possible: all displacement degrees of freedom of the 
node  ࡼ are implicitly constrained, leading to locking. 
 
Ten-node tetrahedral elements, in contrast, include additional six nodes located at the midpoints of each 
edge. These additional 18 degrees of freedom relax the inherent geometrical constraints and help to 
remove shear locking. Since the volumetric locking is purely associated with the material property, 
namely the bulk modulus 𝐾, the element still suffers from volumetric locking, particularly in the nearly 
incompressible regime. The displacement field is interpolated using quadratic shape functions, which 
require four integration points for exact numerical integration of the stiffness matrix. As with the four-
node family member, ten-node tetrahedral elements are also well-suited for meshing complex geome-
tries. Moreover, an existing four-node tetrahedral element mesh can be transformed into the ten-node 
tetrahedral element mesh simply by inserting mid-edge nodes. Overall, this element formulation pro-
vides a significantly improved accuracy, albeit at an increased computational cost. 
 

 

Fig.1: Illustration of inherent geometrical constraints of four-node tetrahedral elements, shown using 
volume preserving displacements of node ࡼ under various cases. All nodes lying on the 
coordinate planes are assumed to be fixed. 

Cubic and other higher-order tetrahedral elements have also been proposed in the literature. Since 
these formulations are beyond the scope of this work, we refer the interested reader to the relevant 
studies [10,15]. It is worth noting that the fundamental starting point for constructing finite elements in 
any dimension can be the Pascal’s triangle, which provides a systematic way to determine the span of 
shape functions in multiple dimensions. A detailed presentation of tetrahedral shape functions up to 
cubic order, together with their representation on Pascal’s triangle, can be found in [10], therefore, they 
are omitted in this work. 
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4 Modified Ten-Node Tetrahedral Element Formulation 

4.1 Modified Element Stiffness Matrix 

The root cause of the volumetric locking is material incompressibility, which is directly related to the bulk 
modulus of the material. Consider the isotropic linear elastic material matrix ࡯ given as, 

࡯ =
[  
   
   

         𝐾 + 43ீ 𝐾 − 23ீ 𝐾 − 23ீ  0  0  0𝐾 − 23ீ 𝐾 + 43ீ 𝐾 − 23ீ  0  0  0𝐾 − 23ீ 𝐾 − 23ீ 𝐾 + 43ீ  0  0  00 0 0 ܩ   0  00 0 0  0 ܩ   00 0 0  0  0   [         ܩ 
   
     with    𝐾 = ா3(1−2ఔ)  ܩ = ா2(1+ఔ)

  (1) 

In the near-incompressible limit, i.e., ߥ → 0.5, the bulk modulus tends to infinity (𝐾 → ∞). The element 

stiffness matrix ࢑, computed using the strain-displacement matrix ऌ and the material matrix ࡯, therefore 
exhibits an excessively stiff response, especially for volume-changing deformations. As a result, for any 
strain tensor ࢿ with (ࢿ)ݎݐ ≠ 0, unphysically large stress responses are obtained. To remove the volu-
metric locking, the modified ten-node tetrahedral element formulation splits the element stiffness matrix 
into a constant and a higher-order part. The constant part is preserved to maintain element consistency, 
while the higher-order part is modified to remove volumetric locking. Consider the standard element 
stiffness matrix ࢑ of the standard ten-node tetrahedral element given as, ࢑ = ∫ ऌ்࡯ऌܸ݀ ௏೐  (2) 

Similarly, ࢑૙ can be defined as, ࢑૙ = ∫ ऌ்0࡯ऌܸ݀ ௏೐  (3) 

where the material matrix 0࡯ is computed using a modified Poisson’s ratio of ߥ = 0. Accordingly, ࢑ and ࢑૙ are split into a constant and a higher-order part as,   ࢑ = ࢉ࢑ + ࢑૙ࢎ࢑ = ૙ࢉ࢑ +  ૙ (4)ࢎ࢑

Here, the subscripts c and h refer to constant and higher-order parts, respectively. By Substituting ࢎ࢑ 

with  ࢎ࢑૙, the modified element stiffness matrix ࢑̅ for the modified ten-node tetrahedral element is defined 

as,  ࢑̅ = ࢉ࢑ + =                   ૙ࢎ࢑ ࢉ࢑ + (࢑૙ − =                   (૙ࢉ࢑ ࢉ࢑) − (૙ࢉ࢑ + ࢑૙ (5) 

Since the constant part is valid throughout the element domain, it is evaluated at the element center. By 

introducing the isoparametric concept and evaluating the modified element stiffness matrix ࢑̅ numeri-
cally, Equation (5) yields, 
 ࢑̅ = (ऌ்(࡯ − ૙ࢉ࢑−ࢉ࢑              ⏟ࢉࣈ(ݓ|ࡶ|ऌ(0࡯ + ∑ ऌ௜் ࢑૙            ⏟௜௡ಸು௜=1ݓ|࢏ࡶ|0ऌ௜࡯  (6) 

where ऌ denotes the strain-displacement matrix, ݓ the weighting factor, ࡶ the Jacobian matrix, |ࡶ| its 

determinant and ࢉࣈ the center integration point. The subscript ݅ indicates that the corresponding variable 

is evaluated at the ݅th integration point. As can be seen in Equation (6), ࢉ࢑ and ࢉ࢑૙ are evaluated at the 

element center, while ࢑૙ is evaluated using the standard quadrature rule. 
 
The integration point coordinates of the isoparametric ten-node tetrahedral element with four integration 
points and an additional center integration point, together with the corresponding weighting factors, are 
listed in Table 1. If only the center integration point and the first term of the Equation (6) are considered, 
the element stiffness matrix exhibits zero-energy modes. Introducing the off-center integration points, 
as in the second term of the Equation (6), stabilizes these modes. Therefore, the proposed modified 
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ten-node tetrahedral element formulation aligns with Borrvall’s description of the Cosserat point element 
formulations in LS-DYNA, “Reduced integrated element with stabilization, even for the high-order tetra-
hedron.” [9]. 

Table 1: Integration point positions for the isoparametric modified ten-node tetrahedral element with 
four integration points and an additional center integration point 

Integration Point ξ η ζ w 

1 0.138 0.138 0.138 0.25 
2 0.138 0.585 0.585 0.25 
3 0.585 0.138 0.585 0.25 
4 0.585 0.585 0.138 0.25 

Center 0.25 0.25 0.25 1.0 

 

4.2 Modified Stress Post-Processing and Extension of the Method for Explicit Time 

Integration Scheme 

Similar to the computation of the modified element stiffness matrix, corresponding modifications are 
applied to the stress post-processing. Using the numerically computed field variables, the modified 
stress vector ࣌̅௜ at the ݅th integration point in Voigt notation can be computed as, ࣌̅௜ = (࣌௖ − ࣌௖0) + ࣌௜0                          = ࡯)] − ࢉࣈ[ࢊऌ(0࡯ + =                  ೔ࣈ(ࢊ0ऌ࡯) ࡯)] − ೎−࣌೎0࣌        ⏟ࢉࣈ[ࢿ(0࡯ + ೔⏟    ࣌೔0ࣈ(ࢿ0࡯)

 (7) 

Subsequently, the modified ten-node tetrahedral element formulation can be simplified for the explicit 
time integration scheme, since explicit analysis does not require computation of the element stiffness 
matrix. Instead, the internal force vector of the element must be computed. Assuming the element strain 
vector ߦ)࣎ࢿ, ,ߟ  in Voigt notation at the time ߬ is known, the stress vector ࣌̅௜ఛ at the ݅th integration can be (ߞ

computed using Equation (7) as, ࣌̅௜ఛ = ࡯)] − ೎ഓ−࣌೎0ഓ࣌        ⏟ࢉࣈ[ఛࢿ(0࡯ + ೔⏟    ࣌೔0ഓࣈ(ఛࢿ0࡯)  (8) 

Then, for the isoparametric ten-node tetrahedral element with four integration points and an additional 
center integration point, the internal force vector of the element at the time ߬ is computed as, ̅ࢌ௜௡௧ఛ = (ऌࢀࢉ(࣌௖ఛ − ࣌௖0ఛ)|ࡶ௖|ݓ௖)+∑ (ऌ௜4ࢀ௜=1 ࣌௜0ఛ|ࡶ௜|ݓ௜) (9) 

where the subscript ܿ indicates that the corresponding variable is evaluated at the center integration 
point. 
 
Using the modified internal force vector, the time-step update is performed in the standard manner of 
the explicit integration scheme. Specifically, the nodal accelerations are first obtained from the balance 
of internal and external forces, followed by the velocity and displacement updates at each time step. In 
this way, the incorporation of the modified formulation does not alter the fundamental structure of the 
explicit algorithm; it only affects the evaluation of the internal forces, ensuring that the element response 
remains free from volumetric locking. 

4.3 Modified Ten-Node Tetrahedral Element Implementation using LS-DYNA User Interface 

The modified ten-node tetrahedral element formulation requires access to element-level data such as 
the strain-displacement matrix and the integration point positions. Therefore, implementing the modified 
formulation as a user-element is necessary to access these data directly. However, the current LS-
DYNA user-element interface supports elements up to eight nodes. Consequently, an implementation 
of a modified ten-node tetrahedral element as a user-element is not possible. 
 
As an alternative, the standard implementation of the ten-node tetrahedral element with five integration 
points can be employed in combination with the user-defined materials interface. The integration point 
positions and corresponding weighting factors for this element are listed in Table 2.  
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Table 2: Integration point positions for the isoparametric ten-node tetrahedral element with five 
integration points 

Integration Point ξ η ζ w 

1 0.25 0.25 0.25 -0.8 
2 0.5 0.1667 0.1667 0.45 
3 0.1667 0.5 0.1667 0.45 
4 0.585 0.138 0.585 0.45 
5 0.585 0.585 0.138 0.45 

 
As shown in Table 2, the first integration point is located at the element center, which can be used for 
the modified ten-node tetrahedral element formulation described in the previous section. All five integra-
tion points are used to compute the higher-order term of Equation (8), while only the center integration 
point is used to evaluate the constant term of Equation (8). Consequently, the material routine is modi-
fied for the first integration point, so that the material model equations are computed once with the 
modified Poisson’s ratio and once with the correct Poisson’s ratio during the iteration over integration 
points. The constant term of Equation (8) is then stored as history variables, which can be accessed via 
the user-material interface and subsequently used for stress post-processing at the remaining integra-
tion points. After computing the stress state at all integration points, the internal force vector is obtained 
as given in Equation (9). 
 
However, an inconsistency arises regarding the weighting factor of the first integration point. As dis-
cussed earlier, the constant term is valid for the entire element domain, which implies that its weighting 
factor should be equal to unity in the internal force computation. In the standard implementation of the 
ten-node tetrahedral element with five integration points, however, the weighting factors of the integra-
tion points cannot be directly accessed through user-defined materials interface. To overcome this lim-
itation, the constant term of Equation (9) is scaled by a correction factor such that the effective weighting 
factor becomes unity for the internal force vector computation. This work-around ultimately yields a 
modified version of Equation (9), given as, 
௜௡௧ఛࢌ̅  = (ऌ૚1࣌)ࢀఛ − ࣌10ఛ)|ݓ(1ݓ|1ࡶ௖௢௥+∑ (ऌ௜5ࢀ௜=1 ࣌௜0ఛ|ࡶ௜|ݓ௜)   ݐ݅ݓℎ   ݓ௖௢௥ = −10 8⁄  (10) 

 

Similarly, the stress post-processing follows an analogous modification strategy. In particular, the stress 
evaluation at each integration point is carried out using the procedure outlined previously. The stresses 
computed at the center integration point using the modified Poisson’s ratio and the correct value, which 
provide the basis for separating the constant and higher-order contributions. These quantities are then 
stored as history variables and they are made available for all off-center integration points. Accordingly, 
the modified stress post-processing takes the form, 
 ࣌̅௜ఛ = ࡯)] − 1ഓ−࣌10ഓ࣌        ⏟1ࣈ[ఛࢿ(0࡯ + ௜ఛ⏟࣌೔0ഓࢿ0࡯  (11) 

 

5 Numerical Examples 

Various numerical examples are presented in this section to demonstrate the modified ten-node tetra-
hedral element formulation for an isotropic linear elastic material model. The LS-DYNA user-interface 
implementation, which was described in the previous section, was used for all examples. The user-
defined material card for the numerical examples is given in Table 3. 
 

Table 3: Material card *MAT_USER_DEFINED_MATERIAL_MODELS for numerical examples 

MID RO MT LMC NHV IORTHO IBULK IG 

1 7.85E-6 41 4 29 0 3 4 

IVECT IFAIL ITHERM IHYPER IEOS LMCA   

0 0 0 0 0 0   
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P1 P2 P3 P4     

&emod &possrat &bulk &gmod     

 
Bulk modulus (&bulk) and shear modulus (&gmod) were computed directly using specified Young’s 
modulus (&emod) and Poisson’s ratio (&possrat) via Equation (12) and Equation (13), respectively. 𝐾 = ா3(1−2ఔ) (12) ܩ = ா2(1+ఔ) (13) 

Unless otherwise specified, all numerical examples were conducted using material properties of an 
almost incompressible solid, with a Young’s modulus of ܧ = 207 and a Poisson’s ratio of ߥ = 0.4999. 
 

5.1 Patch Test for Explicit Time Integration 

A patch test for explicit time integration scheme according to [11] was employed to investigate the con-
sistency of the proposed element formulation. Figure 2 illustrates the two meshes used for the patch 
test. A linear initial velocity field, (ݔ)ݒ = 0.02 ∙ -was prescribed in the x-direction on nodes, which re ,ݔ
sults in a constant strain state in the domain. Under these conditions, all elements in the patch produced 
the same constant stress state, thereby validating the proposed formulation. 
 

 

Fig.2: Straight-edge ten-node tetrahedral element mesh (left) and curved-edge ten-node tetrahedral 
element mesh (right) used for the patch test in explicit time integration. Initial nodal velocities 
are shown as vectors. 

 
 
 

5.2 Cylindrical Pressure Vessel 

This well-known small-deformations benchmark problem considers a cylindrical pressure vessel, with 
both ends clamped, subjected to internal and external pressure loading [12]. A cylindrical section of the 
vessel, illustrated in Figure 3(left), was taken sufficiently far from the ends, and body forces were ne-
glected, so that plane strain conditions apply. To reduce computational cost, only a quarter of this section 
was modeled using the finite element method. The objective is to investigate the performance of various 
discretizations under nearly incompressible material behavior. 
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Fig.3: The cross-section of the cylindrical pressure vessel (left) and representative examples of the 
used finite element discretizations (right) 

The finest mesh used in the simulations consists of 41,769 degrees of freedom, corresponding to an 
average characteristic element length of approximately 0.13. In contrast, the coarsest mesh contains 
only 1,881 degrees of freedom with an average characteristic element length of about 0.67. Four differ-
ent discretization strategies were employed: the rotationally symmetric single-element-row mesh (S-
Type), the rotationally symmetric double-element-row mesh (D-Type), the rotationally symmetric 
crossed-element-row mesh (C-Type), and the random mesh (R-Type). Representative examples of 
these discretizations are illustrated in Figure 3(right). 
 
The benchmark problem is modeled as an explicit quasi-static analysis. The simulations were carried 
out using three different tetrahedral element formulations: the standard ten-node tetrahedral element, 
the ten-node Cosserat point tetrahedral element, and the modified ten-node tetrahedral element. Rather 
than directly comparing the full stress state of the solutions, the stress triaxiality, ߟ, was compared. This 
scalar quantity is defined as the ratio of the mean stress to the equivalent von Mises stress, as expressed 
in Equation (14). Stress triaxiality is widely used in fracture mechanics as an indicator of fracture type, 
distinguishing between ductile and brittle failure mechanisms. ߟ = 13(ఙ11+ఙ22+ఙ33)√(഑11−഑22)2+(഑22−഑33)2+(഑33−഑11)2+6(഑122 +഑232 +഑312 )2  (14) 

 
In addition, the stress triaxiality of the finite element solutions in the radial direction was evaluated and 
compared with the analytical reference solution. The latter can be derived from the closed-form expres-
sion of the stress state presented in [12]. For the parameters ܧ = ௜ݎ ,207 = ௢ݎ ,5 = ௜݌ ,10 = 0.00207 and ݌௢ = 0.0, the analytical stress triaxiality can be computed as, ݎ)ߟ, (ߥ = 4.6∙10−4(1+ఔ)√1.4283∙10−2ೝ4 +4.761∙10−7−1.9044∙10−6(1−ఔ)ఔ (15) 

Comparison plots of the three element formulations using different discretizations are shown in Figure 
4. The stress triaxiality results of the finite element simulations were evaluated along an element column 
selected in the radial direction, where the averaged stress triaxiality of elements were considered for the 
relative L2-error norm computation. The vertical axis represents the relative L2-error norm of the stress 
triaxiality with respect to the analytical solution, while the horizontal axis shows the total number of 
degrees of freedom of the FE discretization. The results indicate that the overall accuracy of the Cosse-
rat point and the modified formulations is satisfactory for all discretizations. In contrast, the standard ten-
node tetrahedral element exhibits poor accuracy for S-Type mesh simulations for lower number of de-
grees of freedom. Its accuracy improves with increasing number of degrees of freedom consistent with 
the h-refinement method in literature. Notably, the standard ten-node element performs well for D-type 
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and C-type structured meshes. This can be attributed to the fact that these discretizations can confine 
volumetric locking effects within element domains and, in some cases, even cancel these effects be-
tween neighboring elements, as documented in [13]. However, it is difficult to generate D-type and C-
type meshes for complex geometries. Therefore, unstructured R-type meshes provide more realistic 
results. The Cosserat point and the modified formulations yield similar results overall; however, as illus-
trated in Figure 4, the modified ten-node tetrahedra demonstrates better accuracy, except the coarse 
mesh regime of the S-Type discretization, which is still comparable to the Cosserat point element. The 
triaxiality contour plots for the coarsest and the finest unstructured R-Type meshes for all three formu-
lations are given in Figure 5, demonstrating the accuracy differences of three element formulations. 
 

 

Fig.4: Log-log scale plots for comparing three ten-node tetrahedral element formulations using different 
finite element discretizations. 
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Fig.5: Triaxiality contour plots for the coarsest and finest unstructured R-Type meshes for all three 
formulations. 

 

5.3 Flat Punch 

The flat punch example is adapted from [14] and considered here in the form of a cube, modeled as an 
explicit quasi-static analysis. The original two-dimensional setup and its three-dimensional extension 
are illustrated in Figure 6, together with the applied boundary conditions. A uniform prescribed central 
displacement, Δݑ = 0.03, covering one nineth of the total undeformed top surface, is applied on the top 
surface of the cube. The outer surfaces are constrained in normal direction but remain free to move 
tangentially. For simplicity, only a quarter of the cube is modeled using a structured mesh consists of 
8,748 ten-node tetrahedral elements. The mesh has 40,071 degrees of freedom in total. 
 

 
 

Fig.6: The original flat punch example (left) and a quarter of its three-dimensional variation (right) 
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The flat punch example was simulated using three formulations: the standard ten-node tetrahedral ele-
ment, the ten-node Cosserat point tetrahedral element and the proposed modified ten-node tetrahedral 
element formulation. The pressure field was evaluated, and the results of these formulations are de-
picted in Figure 7. Both results for the Cosserat point element and the modified element show consistent 
and smooth pressure fields, while the result for the standard tetrahedra exhibited pronounced oscilla-
tions in the pressure field, which is an indicator for the volumetric locking.  
 
Focusing on the Cosserat point element and the modified element, the pressure field contour plots were 
extracted along a cross-sectional plane from the center of the cube to an outer corner across the full 
cube height. The results indicate that the modified element provides a more accurate pressure distribu-
tion compared to the Cosserat point element, as illustrated in Figure 8. Moreover, in terms of the com-
putational time, the modified ten-node tetrahedra requires only about one third of the total simulation 
time of the Cosserat point tetrahedra. 
 

 

Fig.7: Pressure field results of the flat punch example using various tetrahedral element formulations 

 

Fig.8: Reference pressure field solution [14] and FEM results along a diagonal cross-section through 
the total height of the cube for Cosserat point tetrahedra and modified tetrahedra 
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6 Conclusion 

In this work, a modified ten-node tetrahedral element formulation has been proposed and evaluated for 
nearly incompressible isotropic linear elastic material. The formulation is based on splitting the element 
stiffness matrix into 1 constant and 1 higher-order part, followed by a selective modification of the higher-
order contribution. This strategy preserves the element consistency while removing volumetric locking. 
Furthermore, the formulation has been adapted for explicit time integration, where the modification is 
applied directly at the level of the internal force vector. 

A series of numerical examples, including the patch test, the cylindrical pressure vessel and the flat 
punch example, was employed to evaluate the performance of the proposed formulation against the 
standard ten-node tetrahedral element and the ten-node Cosserat point tetrahedral element. The results 
demonstrate that the standard formulation suffers from severe volumetric locking especially in unstruc-
tured meshes, whereas both the Cosserat point and the modified formulations exhibit good accuracy. 
Notably, the proposed modified formulation achieves comparable or superior accuracy to the Cosserat 
point formulation while requiring significantly less computational cost. It should also be emphasized that 
the Cosserat formulation is fundamentally derived by modeling the deformation modes of the element 
through a strain energy function based on the hyperelastic constitutive equations of the Cosserat point 
element. 

Overall, the proposed element offers a robust and efficient alternative for simulations involving nearly 
incompressible materials. Its ability to combine accuracy, stability, and computational efficiency makes 
it a promising candidate for large-scale engineering applications where tetrahedral discretizations are 
inevitable due to geometric complexity. Future work may focus on extending this approach to nonlinear 
material behavior. 
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